Predicate Logic

When we introduced propositional logic we argued in treating the electrical circuit exam-
ple 7?7, that a string like high(invl, o) can be read intuitively as ““the output of inverter 1
is high ””, but then we abstracted from this internal structure of the proposition and fur-
ther on we represented the proposition by a simple string like ““the_output_of_inverter_1_
is_high””. In the formal parts of the calculus we even assumed more abstract just a
given countable set of propositions {Py,--- , P;,---} . Until now, we investigated a logical
language, which was able to deal with connecting these propositions,

In this section we will have a closer look into the structure of propositions. We will be
able to explicitly refer to objects like the inverter invl or its output o in the sentences
of our language,. Besides this domain, we will introduce the new concept of a variable,
which stands for an arbitrary object of our domain. Hence, we will be able to write e.g.
high(z,0) to denote the fact that the output of a x is high. As a consequence of this
concept we will have quantifiers, which allow for sentences like 3z high(z,o0), with an
intended meaning that there exists an object x, whose output o is high, or Va high(z, o)
with an intended meaning that for all objects x output o is high,

Together with these new concepts it will be possible to express rather abstract prop-
erties of elements from the domain. Assume, e.g. that we want to introduce the con-
cept of elements in a circuit to be connected. We could say connected(invl,inv2) and
connected(inv2,inv3). Now, with the intended meaning of being connected, we can as-
sume, that invl and inv3 are connected as well. Of course, we could introduce the new
sentence connected(invl, inv3) to express this; but the disadvantage is obvious: this have
to be done for all objects from our domain. In predicate logic this property of transitivity
of connectedness can be expressed without referring to explicit objects by the following
sentence:

VaVyVz((connected(x, y) A connected(y, z)) — connected(x, z))

Syntax
Definition 1 (Syntax of predicate logic — Terms) Assume a
e countable set of function symbols {f;* | i,k =1,2,3,---}
e a countable set of variables {z; |i=1,2,3,---}
The set of terms is defined by the following induction:
o Variables x; are terms.
o Ifty,---  tr are terms and fl-k 18 a function symbol, then ff(tl, o tg) 1S a term.

Terms of type fio () are special ones, they are called constants. In this case we omit the
braces and denote them as fl0

Terms are the syntactic counterpart of the above mentioned objects. Constants will
denote the elements of the domain and function symbols will denote a way to refer to
such objects.

The following definition introduces the formulae.



Definition 2 (Syntax of predicate logic — Formulae) Assume a countable set of pred-
icate symbols{p¥ | i =1,2,3, - }.
The set of (well-formed) formulae is defined by the following induction:

o Ifty,--- ,ti are terms and Pf 1s a predicate symbol, then Pik(tl, -+ tg) 1s a formula.
o If F and G are formulae, then (F AN G) and (F'V G) are formulae.

o If F' is a formula, then =F is a formula.

o Ifx is a variable and F a formula, then Vo F and 3z F are formulae.

Formulae of type Pz-k(tl, -+« ,tg) are called atoms or atomic formulae.

Note that the concept of subformulae applies exactly like in the propositional case 77.
We introduce the following abbreviations, which will be used with indices as well:
u,v,w,x,z, for variables

a,b,c,--- for constants
f,g,h,---  for function symbols
Dy g, Ty for predicate symbols

Note the the arity of function and predicate symbols is ommited in these abbreviations;
we assume that it will be obvious from the context.

Example: Assume we want to represent the following equation, which holds for arbritrary
elements in a field:

xx(y+z)=zxy+ax*z

The two operators * and + are represented in a predicate logic formula as binary function
symbols f2 and f2, the three variables are x1,z2 and z3, and the equality relation = is
the binary predicate symbol P2. Altogether we have the following formula in predicate
logic:

Va VooV (PL(f3 (x1, f1 (w2, 23)), f1(f3 (w1, 22), f3 (21, 23))))

In the following we will use the obvious and more liberal notation as in the propositional
case.

Definition 3 An occurrence of a variable x in a formula F' is called bound, if it occurs
i a subformula of F which is of the form dx G orVx G. Otherwise we call the occurrence
free.

A formula, which do not contain a free occurrence of a variable is called closed.

Example: The following formula contains for x and y free and bound occurences.

Vz(Q(2) AVx(P(z,y)) vV Jy(P(z,y)))



Semantics

Definition 4 (Semantics of predicate logic — Interpretation) An interpretation is
a pair T = (Uz, Az), where

o Uz is an arbitrary nonempty set, called domain, or universe.
e Az is a mapping which associates to

— a k-ary predicate symbol, a k-ary predicate over Uz,
— a k-ary function symbol, a k-ary function over Uz, and
— a variable an element from the domain.
Let F be a formula and T = (Uz, A1) be an interpretation. We call T an interpretation

for F, if Az is defined for every predicate and function symbol, and for every wvariable,
that occurs free in F' .

Example: Let F' = Vap(z, f(x)) A q(g9(a, z)) and assume the arities of the symbols as
written down. In the following we give two interpretations for F':

e 7; = (Ny, A1), such that

— Ai(p) ={(m,n) | m,n € Ny and m < n}
— Ai1(q) = {n € Ny | n is prime }

— Ai1(f)(n) =n+1Vn e Ny

— Ai(g)(m,n) =m+nVn,m e Ny

— Aj(a) =2

— Ai(z) =3

Under this interpretation the formula F' can be read as “ Every natural number is
smaller than its successor and the sum of 2 and 3 is a prime number.”

o 1o = (UQ,AQ), such that

= U2 ={a, f(a),9(a, a), f(g(a,a)), 9(f(a), f(a)),---}
— As(f)(t) = f(t) for t € Uy

— As(g)(t1,t2) = g(t1,t2), if t1, 12 € Uy

— A(a) =a

— Az(z) = f(f(a))

— Az(p) = {p(a,a),p(f(a), f(a)),p(f(f(a)), f(f(a)))}
— Aa(q) = {g(t1,t2) | t1,t2 € Ua}

For a given interpretation Z = (U, A) we write in the following p” instead of A(p); the
same abbreviation will be used for the assignments for function symbols and variables.

Definition 5 (Semantics of predicate logic — Evaluation of Formulae) Let F' be
a formula and I an interpretation for F'. For terms t which can be composed with symbols
from F the value Z(t) is given by



o I(x) = xt

o I(f(t1, - ,tx)) = fH(Z(t1), -+, I(ty)), if t1,--- ,tx are terms and f a k-ary func-
tion symbol. (This holds for the case k =0 as well.)

The value Z(F') of a formula F is given by

true if (Z(t1),---,Z(ty)) € p*

false otherwise

o T(p(tr, -+ ,tx)) = {

true if Z(F) = true and Z(G) = true

false otherwise

° I(F/\G))Z{

true  if I(F) = true or Z(G) = true

false otherwise

I((F V@) = {

I(~F) true  if Z(F) = false
[ ] - =
false otherwise
1(vG) true if for every d €U : Zjy q(G) = true
[} =
false otherwise

true if there is a d € U : Ij,q(G) = true

false otherwise

[ ]
)
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fly) of =#y
where, flejay) = {d otherwise
The notions of satifiable, valid, and |= are defined according to the propositional case ?7.
Note that, predicate calculus is an extension of propositional calculus: Assume only 0-ary
predicate symbols and a formula which contains no variable, i.e. there can be no terms
and no quantifier in a well-formed formula.
On the other hand, predicate calculus can be extended: If one allows for quantifications
over predicate and function symbols, we arrive at a second order predicate calculus. E.g.

Vp3f p(f(x))

Another example for a second order formula of is the induction principle from ?7.
Problem 1
The interpretation Z = isgiven(Uz, A7) as follows:

Ur = IN
p" = {(m,n)|m <n}
fm,n) = m+n
=5 ; yf=7

Determine the value of following terms and formulae:

1. I(f(f($7 37)7 y))



2. Z(VaVy(p(x,y) V p(y, x))
Z(p(z,z) — p(y,x))

3.
4. Z(3z p(y,))

Problem 2
The interpretation Z = is given(Uz, Az) as follows:

Uz = R

Pt = {z]2>0}
) =

T = V2

EY = {(z,y) |z =y}
g (xy) = x4y

yto= -1

Determine the value of following terms and formulae:

L Z(g(f(z), f(y))) 3. I(32VaVy E(g(7,y),2))
2. I(Vz P(f(z))) 4. I(Vy(E(f(2),y) — P(g9(z,y))))
Problem 3

The following formula is given:
F =vavyvz R(h(h(z,y), 2), h(z, h(y, 2))) A 23y ~R(h(z,y), h(y, )

Indicate a structure A, which is a model for F' and a structure B which is no model for
F!

Equivalence and Normal Forms

Equivalence of formulae is defined as in the propositional case:

Definition 6 The formulae F' and G are called (semantically) equivalent, iff for all in-
terpretations I for F' and G, Z(F) =Z(G). We write F = G.

The equivalences from the propositional case in theorem ?? hold and in addition we have
the following cases for quantifiers.

Theorem 1 The following equivalences hold:

—VeF = dz-F
-JzF = Va-F

If x does not occur free in G:
VeFANG = Vz(F AG)
VeFVG = Va(FVGQG)
JFANG = Jx(FAG)
WFVG = Fx(FVGE)
VaeF ANV2G = Vz(FAG)
JFVv3IzG = 3Fx(FVQ)
VaVy F = VYyVaF
dxdy F = dydaF



Proof: We will prove only the equivalence
VeF NG =Vz(F NG)

with  has no free occurence in G, as an example.
Assume an interpretation Z = (U, .A) such that

I(VxF A G) = true
ifft Z(VzF) = true and Z(G) = true
iff foralldeU:Zj/y(F)=true and I(G) = true
iff foralldeU:Zyq(F)=true and Zj,,q(G) = true (x does not occur free in G)
iff foralldeU:Zyq((FAG))=true
iff Z(Vz(F A G)) = true.
Note that the following symmetric cases do not hold:
Ve F VVxG  is not equivalent to  Vz(F V G)
JxF A 3zG  is not equivalent to  Jzx(F A G)
The theorem for substituitivity holds as in the propositional case ?7.

Example: Let us transform the following formulae by means of subsituitivity and the
equivalences from theorem 1:

= (=(3z P(z,y) VVz Q(2)) A Jw P(f(a,w
= ((—3x P(z,y) AN V2 Q(2)) A Jw P(f(a,w
= ((Vx —~P(z,y) NIz -Q(2)) A Jw P(f(a,w

= (Jw P(f(a,w)) A (Vx =P(z,y) A3
3 (P(f(a,w)) AVa (~P(z,y) A 32 ~Q
Fw (Vz (32 ~Q(2) A ~P(z,y)) A P(f(a,w
= Jw (Vx 3z (-Q(2) A =P(z,y)) A P(f(a,w
= Jw Vz 3z ((-Q(2) A =P(z,y)) A P(f(a,w

N
A
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Definition 7 Let F be a formula, x a variable and t a term. F[z/t] is obtained from F
by substituting every free occurrence of x by t.

Note, that this notion can be iterated: F[z/t1][y/t2] and that ¢; may contain free occur-
rences of y.

Lemma 1 Let F be a formula, x a variable and t a term.

I(Flz/t]) = Tp/zey (F)

Lemma 2 (Bounded Renaming) Let F = QxG be a formula, where Q € {V,3} and
y a variable without an occurrence in G, then F = QyG|z/y]

Definition 8 A formula is called proper if there is no variable which occurrs bound and
free and after every quantifier there is a distinct variable.



Lemma 3 For every formula F there is a formula G which is proper and equivalent to
F.

Proof: Follows immediately by bounded renaming.
Example:

F =Vzix p(l’, f(y)) N vw(Q(xa y) v T’(l’))

has the eqivalent and proper formula

G = Va3 pla, [(y)) AV=(qlu,y) V ()

Definition 9 A formula is called in prenex form if it has the form Q1 ---QnF, where
Q; € {V,3} with no occurrences of a quantifier in F

Theorem 2 For every formula there is a proper formula in prenex form, which is equiv-
alent.

Example:

Va3y p(z, g(y, f(z)) V —q(2)) V ~Va r(z, 2)

Vay p(x, g(y, f(x)) V ~q(2)) V o —r(z, 2)

VaJyp(z, g(y, f(2)) V =q(2)) V Fv-r(v, 2)

VaJyJvp(z, g(y, f(2)) V =q(2)) V (v, 2)

Proof: Induction over the the structure of the formula gives us the theorem for an atomic
formula immediately.

e F'=—F): Thereisa Gy = Q1y1 - - - QnynG' with Q; € {V, 3}, which is equivalent to
F,y. Hence we have

F=Quy - Quyn—G
3 ifQi=V
vV oifQi =4

e = FyoF, with o € {A,V}. There exists G1, G2 which are proper and in prenex
form and G1 = F; and G2 = F>. With bounded renaming we can construct

Gi = Qi QuukGl
Gy = Qizl"'QEZzGlg

where Q; = {

where {y1,- - ,yn} N {21, -+, 2} =0 and hence
F =@y QuyrQiz1 - Quzi(G o GY)



In the following we call proper formulae in prenex form PP-formulae or PPFE’s.

Definition 10 Let F' be a PPF. While F' contains a 3-Quantifier, do the following trans-
formation:
F has the form

Y1, - Vy,32G

where G is a PPF and f is a n-ary function symbol, which does not occur in G.
Let F' be

Vyl, o VynG[Z/f(yl, to 73/71)]

If there exists no more 3-quantifier, F' is in Skolem form.

Theorem 3 Let F' be a PPF. F is satisfiable iff the Skolem form of F is satisfiable.

Proof: Let F' =Vy; - - - Vy,32G; after one transformation according to the while-loop we
have

F' =Vy1-- -Vy,32Gz/f(y1, -, yn)

where f is a new function symbol.

We have to prove that this transformation is satisfiability preserving:

Assume F” is satisfiable. than there exists a model Z for F’ T is an interpretation for F.
From the model property we have for all uy,--- ,u, € Uz

I[yl/ul]"'[yn/un](G[Z/f(y17 e ayn)]) = true

From Lemma 1 we conclude

I[yl/ul]‘“[yn/un] (z/v] (G) = true

where v = Z(f(u1,- - ,u,). Hence we have, that for all uy, -+ ,u, € Uz thereis a v € Uz,
where

I[yl/ul]"'[yn/un][z/v](G) = true

and hence we have, that Z(Vy; - - - Yy, 32G) = true, which means, that Z is a model for F'.
For the opposite direction of the theorem, asume that F' has a model Z. Then we have,
that for all uq,--- ,u, € Uz, there is a v € Uz, where

I[yl/m]-~~[yn/un][z/v](G) = true

Let 7’ be an interpretation, which deviates from 7 only, by the fact that it is defined
for the function symbol f, where 7 is not defined. We assume that fZ’ (U, ,up) = v,
where v is choosen according to the above equation.

Hence we have that for all uy,--- ,u, € U

/ _
Ly furllym funl 2/ £ e )] (G) = ETUE



and from Lemma 1 we conclude that for all uq,--- ,u, € Ug

I[Iyl/uﬂ'"[yn/un}(G[Z/f(yh o yn)]) = true

which means, that Z'(Vy; - - - Vy, G2/ f(y1,- - - ,yn]) = true, and hence Z’ is a model for
F'.

The above results can be used to transfrom a Formula into a set of clauses, its clause
normal form:

Transformation into Clause Normal Form

Given a first order formula F.
e Transform F' into an equivalent proper F; by bounded renaming.
e Let y1, -, yi the free variables from Fj. Transform F} into Fo = Ay -+ - Jyi F1
e Transform F5 into an equivalent prenex form Fj.
e Transform Fj into its Skolemform Fy = Vzq---Va; G

e Transform G into its CNF G/ = (Ai_; (VZ; Li;)) where L;; is a literal. This
results in F5 = Vo ---Vo; G/

o Write F5 as a set of clauses:
F6 = {Cla"' 7Cn}

where C; = {L;1,--- ,Lim}

Interaction: CNF Transformation for Predicate Logic

This is our current set of predicate logic formulas:

Currently empty.




Current formulas manipulation:

Enter some formulas: Help: Delete selected /Delete all current formu-
las

Add to /Overwrite current formulas

Save/Reload current formulas:

Save to database (enter name): Reload from database (select name):

Reload from file (enter file name):

Convert selected / Convert all formulas to CNF, replacing the current clauses.
And this the resulting clause set (possibly from a previous run):

Currently empty.

Problem 1

Let F' be a formula, = a variable and ¢ a term. Then F[x/t] denotes the formula which
results from F' by replacing every free occurrence of z by t. Give a formal definition of
this three argument function F[x/t], by induction over the structure of the formula F.
Problem 2

Show the following semantic equivalences:

1. Vz(p(z) — (q(z) Ar(z))) = Va(p(z) — q(x)) A Va(p(x) — r(x))
2. Va(p(z) — (q(x) Vr(x))) # Vo(p(z) — q(x)) V Va(p(z) — r(z))

Problem 3
Show the following semantic equivalences:

1. (Vz p(x)) — q(b) = Fz (p(x) — q(b))
2. (Vo r(x) vV (3y —r(y) = (Vo r(z)) — Qy r(y)

Problem 4
Show that for arbritrary formulae F' and G, the following holds:

1. Ve(FVG)#Vz FVVz G
2. If G = Flz/t], than G =3z F.

Problem 5
Transform the following formulae in Skolem form !

1. Ya¥y3z((p(z, y) Ap(y, 2)) — —p(, 2))
2. Vm(VyElz p(z,y, z) A I2Vy —p(z,y, z))

3. (Elx p(x,y)) — (Elx q(:c,x))
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Syntax :
 Terminate each formula with a '.'
 Negation : '~' or '-'
 Conjunction : '&' or ','
 Disjunction : '|' or ';'
 Implication : '=>'
 Universal Quantifier : '! X :' or 'forall X ,'
 Existential Quantifier : '? X :' or 'exists X ,'
 predicate and function symbols are lowercase
 variables are upper case
 Comments : '%'
 
 Examples :
 ! [X,Y] : ? Z : p(X) & q(Y,Z).
 forall([X,Y], exists(Z, (p(X) , q(Y,Z)))).%% alternate Syntax 


Herbrand Theories

Until now we considered arbritrary interpretations of formulae in predicate logics. In
particular we sometimes used numbers as interpretation domain and functions, like ad-
dition or successor. In the following, we will concentrate on a special case, the Herbrand
interpretation and we will discuss their relation to the general case.

Definition 11 Let S be a set of clauses. The Herbrand universe Uy for S is given by:

o All constants which occur in S are in Uy (if no constant appears in S, we assume
a single constant, say a to be in Uy ).

e For every n-ary function symbol f in S and every ty,--- ,t, € Uy, f(t1, - ,tn) €
Ugy.

Examples: Given the clause set S1 = {P(a),~P(z) V P(f(z))}, we construct the Her-
brand universe

U = {aaf(G’)vf(f(a))vf(f(f(a)))v o }

For the clause set Sy = {p(x) V q(z),7(2)} we get the Herbrand universe Uy = {a}.

Definition 12 Let S be a set of clauses. An interpretation T = (Uz, A7) is an Herbrand
interpretation iff

e U =Upg

e For every n-ary function symbol (n <0) f and ty,--- ,t, € Uy
FH s tn) = [ty )

Note, that there is no restriction on the assignements of relations to predicate symbols
(except, that, of course, they have to be realtions over the Herbrand universe U ).

In order to discuss the interpretation of predicate symbols, we need the notion of Herbrand
basis.

Definition 13 A ground atom or a ground term is an atom or a term without an oc-
currence of a variable.

The Herbrand basis for a set of clauses S is the set of ground atoms p(ti,...,t,), where
p is a n-ary predicate symbol from S and ty,...,t, € Uy

We will notate the assignments of relations to predicate symbols by simply giving a set
I = {my,ma, - ,mp,---}, where each element is a literal with its atom is from the
Herbrand basis.

Examples:
o S={p(x)Vaq(z),r(f(y)}
o Uy ={a, f(a), f(f(a)),.. .}
o I ={p(a).q(a),~r(a),p(f(a)),q(f(a)),~r(f(a)), -}

11



Definition 14 Let Z = (Uz, A7) be an interpretation for a set of clauses S; the Herbrand
interpretation I* corresponding to T is a Herbrand interpretation satisfying the following
condition:

Let tq,...,t, be Elements from the Herbrand universe Uy for S. By the interpretation T
every t; is mapped to a d; € Uz. If p*(dy,...,d,) = true(false), then p(ty,...,t,) have
to be assigned true(false) in T*.

Let us know state a simple, very obvious lemma, which will help us, to focus on Herbrand
interpretation in the following.

Lemma 4 If7 is a model for a set of clauses, then every corresponding Herbrand inter-
pretation T* is a model for S

Theorem 4 A set of clauses S is unsatisfiable iff there is no Herbrand model for S.

Proof: If S is unsatisfiable, there is obviously no Herbrand model for S.

Asume that there is no Herbrand model for S and that S is satisfiable. Then, there is a
model Z for S and according to lemma 4 the corresponding Herbrand interpretation Z*
is a model for S, which is a contradiction.

Semantic Trees

In this section we introduce the concept of semantic trees, which, then can be used to
proof completeness of resolution. For this we asume familiarity with the concepts of trees,
binary trees and paths in trees.

Definition 15 A semantic tree for a set of clauses S is a binary tree T with root Ny,
such that the edges are label with literals, build from elements from the Herbrand basis of
S, such that:

o If N is an inner node, its two outgoing endges are label with complementary literals
A and —A.

e FEvery path to a node N in T does not contain complementary literals in I(N'), where
I(N) is the set of literals which are labels along the edges of the path.

Definition 16 A semantic tree is called complete, if every path contains every atom from
the Herbrand basis either positiv or negativ.

Example: S = {p(x),q(f(x))} with Herbrand basis

{p(a),q(a),p(f(a)),q(f(a)),p(f(f(a))), .}

Note, that for a semantic tree T' and a node N the set I(N) can be seen as an assignement
of truth-values to ground atoms, as it is done in an Herbrand interpretation. Hence we
call I(N) a partial interpretation. A complete semantic tree corresponds to an exhaustive
“enumeration” of interpretations.

12



Definition 17 e A node N of a semantic tree T is a failure node if I(N) falsifies
some ground instance of a clause in S, but I(N') does not falsifiy any ground in-
stance of a clause in S for every ancestor node N’ of N.

o A semantic tree T is called closed if every path contains a faliure node.

e A node N of a closed semantic tree is called an inference node, if both immediate
descendant nodes are failure nodes.

Example: S = {p(x),—p(x)V q(f(z)),~q(f(a))} with Herbrand basis
{p(a), q(a),p(f(a)),q(f(a)), p(f(f(a))),- -}

Let T be a complete semantic tree, than we call T” the correspondig closed tree, if it is
obtainable from T by cutting all branches at a failure node.

Theorem 5 (Herbrand’s Theorem — Version 1) A set S of clauses is unsatisfiable,
iff for every complete semantic tree for S there is a correspondign finite closed semantic
tree.

Proof: Asume S to be unsatisfiable and T" a complete semantic tree for S. For every path
P we have the set of labels Ig, which is an interpretation, because the tree is complete.
Hence, Ip falsifies a gorund instance C’ of a clause C' € S, because S is unsatisfiable.
Since there are only finitely many literals in C’, there must be a failure node Np in a finite
distance from the root. Since every path has such a failure node, there is a corresponding
closed semantic tree T”, which is finite.

For the opposite direction, assume that for every complete semantic tree T there is a finite
closed corresponding tree T”. Then, every path contains a failure node, and hence, every
interpretation falifies S; hence S is unsatisfiable.

Theorem 6 (Herbrand’s Theorem — Version 2) A set S of clauses is unsatisfiable,
iff there is a finite unsatisfiable set S" of ground instances of clauses in S.

Proof: Asume S to be unsatisfiable and T" a complete semantic tree for S. By Herbrand’s
theorem, version 1, there is a finite closed semantic tree T” for S. Let S’ be the set of
ground instances of clauses, which are falsified at all failure nodes of T”. S’ is finite and
is falisfied by every interpretion and hence unsatisfiable.

The opposite direction we show by contraposition:

Note, that this version of Herbrand’s theorem can be turned directly into a proof proce-
dure:

Given a set of clauses S, for which we want to proof unsatisfiability.

e Generate S7,...,S),... sets of ground instances of clauses of S. Perform a propo-

sitional test for unsatisfiability on each of them.
e According to Herbrand’s theorem, there is a finite S7, which is unsatisfiable, if S is

unsatisfiable.

1. Problem 1
Assume the following set of clauses:

Mo = {{p(z)},{q(z, f(z)), ~p(2)},{~a(9(y), 2)}}
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(a) Indicate (a) the Herbrand-universe and (b) the Herbrand-basis for M!

(b) Give a closed semantic tree for My!

2. Problem 2
The following formulae F' and G are given.

F = Vyply) A3z —p(2)
G = r(a) AVz(r(z) = r(f(x)))

Give for F' and G (a) a finate and (b) an infinite Herbrand model, or argument if
this is not possible.

3. Problem 3
The following sets of clauses are given:

(a) M, = {{p(a,x)}, {ﬂp(y,b),q(y)}}
(b) My = {{r(z),r(f(z))}}

Give for each of them (a) a Herbrand universe, (b) Herbrand model and (c) a non-
Herbrand model.

Resolution

In the propositional case we defined the resolution inference rule by “cutting away” a pair
of complementary literals in two clauses which are resolved upon. In the first order case
however this is not always sufficient:

Ci: ple) V()
Ca: —p(f(x))

In these two clauses there are no complementary literals, however, after substituting the
term f(a) for the variable = in C; and a for = in Cy we arrive at:

Ci: p(f(a)Va(f(((a))
Cy: —p(f(a))

Now we can apply the inference rule from propositional logic and arrive at the resolvent

qa(f(a)).
Another possibility is to substitute f(z’) for z in C} to get

Ci: p(f(a) Vv a(f(a)

and then we can have the resolvent ¢(f(2’)) from C7 and Cs, which is in a certain sense
more general then the resolvent derived previously.
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Definition 18 A substitution o is a function, which maps variables to terms and which
1s the identical mapping almost everywhere. Hence it can be represented as

o= {:El/tl,"‘ ,l'n/tn}

Ifty,--- ,t, are groundterms, we call o a ground substitution. The empty subsitution is
notated by € .

Definition 19 Let 0 = {x1/t1, -+ ,zn/tn} be a subsitution and E an expression (i.e. a
literal or a term), then EO is the expression, obtained from E by replacing simultaneously
each occurence of X;,1 <i<n in E by the term t;.

Example:
With 6 = {x/a,y/f(b),z/e} and E = p(z,y, z), we get £ = p(a, f(b),c)

Definition 20 Let o = {x1/t1, -+ ,xp/tn} and X = {y1/s1,** yYm/Sm} be substitutions.
Then the composition of substitutions, denoted by o o A, is the substitution, which is
obtained from {x1/t1 A, -, xn/th N, y1/S1,-+ ,Ym/Sm} by deleting any element x;/t;\ for

which tjA = x; and any element y;/s; such that y; € {x1, - ,xn} .
Example:
Definition 21 Let {Ey,--- , E,} be a set of expressions and 6 a substitution, 6 is unifier

fO’f‘ {Ela T ’En} Zﬁ

E0=E=---E,0

A unifier 0 is called most general unifier iff for every unifier o there is a substitution A
such that o = 6o A.

In the following we discuss an algorithm for computing most general unifiers. For this
we assume a set of terms {t1,---,t,} to be unified. First we transform this into a set
of equations by introducing a new variable not yet occurring in this set, say y and by
defining the set of equations

N:{y:t177y:tn}

We will now transform this set such that its unifiers stay invariant, where a ¢ is a unifier
of aset of {s1 =t1, -+, 8, =t} if {s10 =t10,-++,8,0 = tyo} holds.

15



Unification

Apply the following transformation rules as long as possible:

Ry {t =z}

. ————— Orient
Ry {z =t}
where x is a variable and ¢ a non-variable term
Ry {s=
2. M Delete

R

RLH{f(Sl,...,Sn):f(tl,-u7tn)}

Decompose (Termreduction
RLﬂ{Slztl,...,Sn:tn} p ( )

Rw{z =1t}
Rlz/t|W{x =t}
if £ not in ¢, but in R

Eliminate (Elimination of variable I)

5. iz =y} Coalesce (Elimination of variable 1)
Rlz/yl W {z =y}
ifx#yin R
RW{f(s1,-..,8m)=g(t1,...,tn)} ,

6. FALL Conflict
iff£Agorm#n
Ry {zx =1t}

7. T ERALL Occur Check
ifxint

Given a set of expression. Transform it into a set of equations N as defined above.

Interaction: Unification

This is your set of current terms:

Currently empty.

16



Current terms manipulation:

Enter some terms: Help: Delete selected /Delete all current formu-
las

Add to /Overwrite current terms

Save/Reload current term:

Save to database (enter name): Reload from database (select name):

Reload from file (enter file name):

Unify selected / Unify all terms.

This is the result, (possibly from a previous run): Currently none.

Theorem 7 Let N be a set of expressions. The above unification algorithm teminates.
If it returns FAIL, there is no unifier fo N, otherwise N is transformed into a set of
equation {y1 = u1, -+ ,Ym = Um }, which represents the most general unifier for N.

Definition 22 Let two or more literals of a clause C have a unifier o, then Co is called
a factor of C.

Example:
With C' = {p(z),p(f(y)), ~q(x)} and o = {z/ f(y)} we get the factor Co = {p(f(y)), ~q(f(y))}

Definition 23 Let Cy and C5 be two clauses with no wvariables in common, such that

L1 € Cy and Ly € Cy and L1 and Lo have a most general unifier o. A binary resolvent
of Cy and Cs is

(Cld — L10') U (CQU — LQU)

Example:

Given O = {p(x),q(x)} and Cy = {—p(a),r(x)}. After renaming C into Co = {-p(a),(y)}
we get the resolvent {¢q(a),r(y)} by using the most general unifier {z/a}.

We often depict resolvent graphically, e.g.

{p(z), q(x)} {=p(a),r(z)}

{a(a),r(y)}

Definition 24 A resolvent of two clauses C1 and Co is one of the following binary re-
solvents:

e a binary resolvent of C1 and Cy
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Syntax :
 Terminate each term with a '.'
 function symbols are lowercase
 variables are upper case
 Comments : '%'
 
 Examples :
 c.
 f(a,g(X),h(Y_1,Y_2)).
 father(wanda).
 


e a binary resolvent of C1 and a factor of Co
e a binary resolvent of a factor of C1 and Cy
e a binary resolvent of a factor of C1 and a factor of Cy

Example:

Given Cy = {p(x), p(f(y)),7(9(y))} and Ca = {=p(f(g(a))),q(b)}
A factor of Cy is C17 = {p(f(y)),r(9(y))}. A binary resolvent of Cj/ and Cy and hence
also of Cy and Cy is Cs = {r(g(g(a))), a(b)}-

Example:
You can use the theorem prover Otter to experiment with resolution:
Interaction: Otter

For informations about Otter look here. First, we need some clauses.
This is our current set of clauses:

Currently empty.

Current clauses manipulation:

Enter some clauses: Help: Delete selected /Delete all current clauses

Convert selected / Convert all current
predicate logic formulas to CNF, replacing the
current clauses.

Add to /Overwrite current clauses

Save/Reload current clauses:

Save to database (enter name): Reload from database (select name):

Reload from file (enter file name):

Apply Otter to the current clauses Delete current Otter Result
This is the result, (possibly from a previous run):
Currently none.

The following lemma is used in the completeness proof of resolution.

Lemma 5 (Lifting lemma) If Cy/ and Cof are instances of Cy and Ca, respectively,
and C1 is a resolvent of Cy1 and Csyf, then there is a resolvent C of Cy and Cy such that
C' is an instance of C.

o g
s RN RN
1 5 C Cy
\\/ 9 \\/
' <t C


Syntax :
 Terminate each clause with a '.'
 Negation : '~' or '-'
 Disjunction : '|' or ';'
 predicate and function symbols are lowercase
 variables are upper case
 Comments : '%'
 
 Examples :
 p(X) | q(X,Y) | ~p(Y) | ~q(Y,X).
 p(X) ; q(X,Y) ; ~p(Y) ; -q(Y,X).%% alternate Syntax 

http://www-unix.mcs.anl.gov/AR/otter/

Theorem 8 A set S of clauses is unsatisfiable iff the empty clause can be derived from
S by resolution.

Proof:

Assume that S is unsatisfiable. Let A = {A;, As, ...} be the ground atom set of S, hence
the Herbrand basis. Let T be a complete binary tree, as given in Figure ??. According to
Herbrand’s theorem (versionl) 5 there exists a closed finite semantic tree 7”. There are
two cases:

e If 7" consists only of one node (hence the root), The interpretation to be collected
from the empty branch in this tree falsifies only the empty clause. Hence the empty
clause must be in S.

e Assume 7" consists of more than one node. Then there must be an inference node
N in T’, hence both its descendants N; and Ny are failure nodes. If such a node
would not exist, every node would have at least one non-failure node, which would
mean that there is at least an infinite path in 7", which would violate, that fact that
it is a finite closed semantic tree.

Let N, N1, Ny given as described above; and let

I(N) = {mi,ma,...,mp}
I(Ny) = {my,ma,...,mp, My, Mp41}
I(N2) - {mlva’---ymnamn’ﬁmn—i—l}

Now, let C] and C% be ground instances of clauses C; and Cb, such that C] is
falsified by I(N7) and C% by I(Na), such that both are not falsified by I(N).
Hence we have -m, 41 € C] and m,41 € C} and we can construct the resolven

C'=(C] — {=mp41}) U (Cy — {mp11})

C’ must be false in I(N), because both (C] — —-my,11) and (C) — my41) are false
in I(N). According to the Lifting Lemma 5 there exists a resolvent C' of C and
Cs, such that C’ is a ground instance of C. Let T” be the closed semantic tree for
SU{C} , obtained from T” by deleting all nodes below the first node which falsifies
C’. Note, that S is unsatisfiable if and only if S U {C'} is unsatifiable. Clearly, 7"
has less nodes than 77 and we now can iterate this process until ony the root of the
semantic tree is remaining. This, however is only possible if the empty clause O is
derivable.

For the opposite direction, assume that [ is derivable by resolution from S and let
Ry,..., Ry the resolvents constructed during thisn process. Assume S is satisfiable and
M to be a model for S. From the correctness lemma according to the propositional case
we known, that if a model satifies two clauses it also satisfies its resolvent. Therefore M
has to satisfy R1,..., Rg; this, however, is impossible, because one of this resolvents is [J.
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Problem 1
Indicate in each case a derivation of the empty clause with predicate-logical resolution!

L {p(x,0,2)}, {p(x, s(y), s(2)), =p(x, y, 2) }, {=p(s(5(5(0))), 5(s(0)),u) } }
2. {{q(x), q(s(2))}, {=q(x), ~q(s(s(x))) }} (%)

3. {{_'T(x7 f(x)a y)v —\T(l', g<y)7 Z)}, {T(C7 u, i(v))v T(h‘(u)7 U,](U))}}

Problem 2

Show the following Lifting lemma by means of induction over the term- and formula
construction:

Is F' a predicate-logical formula, and 7 a fiiting interpretation for F' and F[z/t]. Then

I(Flx/t]) = Liwjzey (F),

is valid, if ¢t does not contain any variable that [z/t] is laced by the substitution in F.
Problem 3

Compute - if possible - the most general unifier of following sets of clauses:

L {p(x,a),p(f(c),y)}
2. {p(f(x),a,2),p(y,2,2)}
3. {q(z,2),q(9(y),v)}

4. {r(z,z),r(a, h(y))}

Problem 4
Determine all direct resolvents of the following pairs of clauses:

L {=p(2), ¢(x,b)} und {p(a),g(a,b)}
2. {p(x), p(f(x))} und {=p(z), ~p(f(f()))}
3. {=a(e,9(c))} und {=p(2), g(z, )}

4. {ﬂp(a:,y,z),ﬂp(y,u,v),ﬂp(a:,v,w),p(z,u,w)} und {p(g(x,y),x,y)}
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Problem 5
Compute - if possible - the most general unifier of following sets of clauses:

L. {o(z,z),0(a, f(y))}
2. {p(z,a),p(f(c),y)}
3. {a(g(2),a,2),q(y, 2, 2)}
4. Ar(z, z),r(h(y), y)}

Problem 6
Determine all direct resolvents of the following pairs of clauses:

L. {—\p(l'), _'p(b)> Q(x7 b)} and {p(a), Q(av b)}
2. {r(z),r(f(#))} and {-r(z),~r(f(f(z)))}
3. {=s(c9(c))} and {s(z ), ~4(z)}

Problem 7

Give for the following set of clauses (a) a linear derivation, (b) a derivation with unit
resolution, (c) a further (maximally short) derivation of the empty clause by means of
predicate-logical resolution!

{{=e(x), o(s(x))}, {e(x), mo(s(x)), e(s(s(2)))}; {e(a)}, {mo(s(s(s(s(s(a)))))) }

Problem 8
Indicate in each case a derivation of the empty clause with predicate-logical resolution!

L {p(x,0,2)},{p(z, s(y), s(2)), =p(x, y, 2) }, {=p(s(s(s(0))), 5(s(0)),u) } }
2. Ha(@), q(s(x))}, {=q(x), ~q(s(s(x))) }} (%)
3. {{=r(x, f(2),y), —r(z, 9(y), )}, {r(c, u, i(v)), r(h(u), v, j(v))}}

Strategies for Resolution

Linear Resolution In contrast to the saturation-based procedure, which we gave for
propositional resolution, we will discuss now a stargegy which allows goal directed gener-
ation of resolvents. We will see later, nameoly in the case of Horn clauses, that this linear
strategy, is the basis for the interpretation of logic programs.

Definition 25 Given a set of clauses S and a clause Cy in S. A linear deduction of top
clause Cy is a sequence Cy,C1, -+ ,Cy, , where V1 < i <n C; is a resolvent of C; and B
with B € SU{C; | j <i} .

If C,, = O the sequence is called a linear refutation.

The following is an example for a linear deduction. The clause set Sis given by:
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symptom(s) (1)

cause(cy) V cause(cz) V msymptom(s) (2)
treatment(to) V —cause(c1) (3)
treatment(t1) V —cause(cy) (4)
treatment(to) V —cause(cz) (5)
treatment(ts) V —cause(cz) (6)

and together with the goal —treatment(z), we get the following refutation, where clauses

frOM S are given by the respective numbers:

—treatment(X), (4),—cause(c1), (2), cause(c2)V-symptom(s), (1), cause(ca), (6), treatment(ts),0
the same refutation can be given more naturally be the following picture:

The following theorem states correctness and completeness of linear resolution. Note that
completeness only states that there exists a linear refutation, there is no guaranty that

every clause in the sequence really is necessary to derive the empty clause.

Co
By
1/

Theorem 9 Linear resolution is complete and correct.

Example
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—treatment(z)

treatment(ty) V —cause(cy)

—cause(cy)

cause(cy) V cause(cy) V msymptom(s)

cause(cy) V symptom(s)

symptom(s)

cause(cy)

treatment(ts) V —cause(cs)

\

treatment(ts)

—treatment(x)

-

Input and Unit Resolution

Definition 26 Given a set of clauses S. The inference rule input resolution is resolution,
such that one parent clause is a clause from S.
The inference rule unit resolution is resolution, such that at least one parent clause is a
unit clause or a unit factor of a parent clause.

In an obvious way the notions of unit (input) derivations and refutations are defined.

Theorem 10 For a set S of clauses there exists a unit refutation iff there exists an input
refutation.

Unit resolution (and hence input resolution) is not complete for full first order logics!
For Horn clauses, however, it is a complete strategy and indeed, it is the basis for the
SLD-resolution principle, which is the core of

SLD-Resolution In this section we will introduce a special form of linear resolution
for Horn clauses. We will intreprete a clause a program by notationg it in the following
form:

A — program clause (fact)
A «— Bq,....B, program clause
— By,...,By, goal
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Definition 27 Let P be a set of program clauses. Assume a selection function, which
gives for a given goal «— A1,..., A, one of its subgoals A;.

Further assume a goal G; =— Ay,..., Am, ..., Ay and a selection function which selects
Ap. Let C; = A« By, ..., By be a variant of a clause in P, such that C; and G; have
no variable in common. If 0,11 is most general unifier of A, and A, the goal

Gi+1 =< (Al, ey A1, By, ... ,Bq, Am+1, . 7An)6i+1

1s called SLD-resolvent

Definition 28 An SLD-deduction (-refutation)of PU{G?} for a set of program clauses P
and a goal clause G is a linear deduction (refutation) in which only SLD-resolution steps
occur and G is the start clause.

e An R-computed answer subsitution 6 for P U {G} is 01 0 ... 0 Ou|yar(q), where
01,...,0, are the mgUs from a SLD-refutation of P U{G} with selection function
R.

o A substitution 6 for Var(G) is an answer substitution for P U {G}.

e It is a correct answer substitution for PU{G}, if P = VG0

Theorem 11 Let P be a set of program clauses, G a goal clause and R a selection
function. For every correct answer substitution 6 for P U {G}, there is an R-computed
answer subsitution o for P U{G} and a substitution vy, such that 0 = 0 07 |yar(q)

Model Elimination

In the Section on Propositional Logic we already explained propositional tableaux and its
variants, like the connection calculus and model elimination. In this section we will give
model elimination in the first order case. Note that we need one more inference rule, the
reduction rule, in this case

Definition 29 A clause (normalform) tableau for a set of clauses S is a tableau for S,
whose nodes are literals from S and which is constructed by a (possibly infinite) sequence
of applications of the following rules:

o The tree consisting of root true and immediate successors Li,--- | Ly, where C' =
Li,---, L, is a new variant of a clause from S is a tableau for S (initialisation
rule).

o Let T be a tableau for S, B a branch of T, and C = Lq,---,L, an new variant
of a clause from S, such that the link-condition with mgu o is satisfied. If the tree
T’ is constructed by extending B by the n subtrees L;, then T'c is a tableau for S
(expansion rule).

e Let T be a tableau for S, B a branch of T, L a leaf of B, and L' € C, such that L’
and L have a mgu o, than To is a tableau for S (reduction rule).

The following are three possible link conditions:
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1. No condition.

2. Weak link condition: There is a literal L € B and L' € C, such that L’ and L have
a mgu o

3. Strong link condition: There is a leaf L of B, and L' € C, such that L’ and L have
amgu o .

Analog to the propositinal case the different link conditions result in different calculi:

e The empty condition results in a clause normal form tableau calculus.

e The weak condition results in a connection calculus.

e The strong link condition results in a model elimination calculus.

A Prolog-like Implementation

% gprove(G,A) is true if G <- A follows from KB
gprove (true,_).
gprove ((G & H),A):-
gprove(G,A),
gprove(H,A) .
gprove(G,A) : -
member (G,A) .
gprove(G,A) : -
(G <- B),
neg(G,NG),
gprove (B, [NG|A]) .

% neg denotes the negation of atoms

% to prove a theorem do
% gprove(yes, [1).

% (a) Set of contrapositives

p(a,X) <- “p(b,Y) & q(X,Y).
p(b,Y) <- "p(a,X) & q(X,Y).
“q(X,Y) <- “p(a,X) & “p(b,Y).
p(Z,Z) <- true.

q(b,a) <- true.

yes <- p(U,M.

“p(U,V) <- “yes.
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Iterativ deepening Iterative deepening is a complete search strategy, which combines
depth-first with breadth-first search.

e depthbound = 1

e do while (not found)
Search by limited depth-first search until depthbound.
Set depthbound = depthbound + 1

Number of expansions in a tree with branching factor b until depth d is
L+b+b"+ -+ b4+ b

The total number of expansions in iterative deepening search is
(d+1)x1+dsb+(d—1)%b>+ - +3%bT 2+ 2xp¥ 1 4+ 1x0?

Hence time complexity of iterative deepening is still O(b%).

PTTP- Prolog Technology Theorem Proving

As exemplified by PTTP (“Prolog Technology Theorem Prover”) [?, ?], Prolog can be
viewed as an “almost complete” theorem prover, which has to be extended by only a
few ingredients in order to handle the non-Horn case. By this technique the benefits of
optimizing Prolog compilers are accessible to theorem proving. First we will briefly review
the standard approach, and then we will describe the necessary modifications to obtain
restart model elimination.

The PTTP-approach transforms a given clause set into a Prolog program. The trans-
formed Prolog program must execute the clauses according to some complete proof pro-
cedure. Model elimination turns out to be particularly useful for this, since it is, like Pro-
log, an input proof procedure. In particular, the transformation from the input clauses
to Prolog works as follows:

e An input clause such as
C—ANANB

is transformed into a Prolog clause
€D) c :- a, b.

Additionally, since in the model elimination calculus every literal in a clause can
equally well serve as an entry point into the clause, all contrapositives are needed.
In this case these are

(2) not_a :- not_c, b.

(3) not_b :- a, not_c.

This example also shows how negation is treated, namely by making it part of the
predicate name.

e Prolog’s unsound unification has to be replaced by a sound unification algorithm.
This can either be done by directly building-in sound unification into the Prolog
implementation, or by reprogramming sound unification in Prolog and calling this
code instead of Prolog’s unsound unification.
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e A complete search strategy is needed. Usually depth bounded iterative deepening is
used. The strategy can be compiled into the prolog program by additional parame-
ters, being used as “current depth” and “limit depth”. The cost of an extension step
can be uniformly 1 (depth bounded search), or can be proportional to the length of
the input clause (inference bounded search).

e The model elimination reduction operation has to be implemented. This can be
realized by memorizing the subgoals solved so far (the A-literals) as a list in an
additional argument, and by Prolog code that checks a goal for a complementary
member of that list. Of course, this check has to be carried out with sound unifica-
tion.

The Prolog clause (1) from above then looks like
(1) c(Anc) :- a([-alAnc]l), b([-blAnc]).

where Anc is a Prolog list which contains the ancestor literals (called A-literals in
[?]); code for reduction steps then looks like

(Red-C) c(Anc) :- member(c,Anc).
(Red-notC) not_c(Anc) :- member(-c,Anc).

Model Generation Theorem Proving

SATCHMO

The SATCHMO Theorem Prover was one of the first systems which used model genera-
tion, i.e. a bottom-up proof procedure. The prover was given by a small Prolog-program,
which implements a tableau proof procedure. One restriction is that it requires range
restricted formulae.

Definition 30 A first order clause A1V ---V A, <+ By A---AByy, is called range restricted
if every variable which occurs in the head A1V ---V Ay, occurs in the body By N\ -+ A\ By,
as well.

1. Convert clauses to range restricted form:
g(z) Vp(r,y) —q(x)  ~ g ; p&,Y) <= qX), dom(Y)
2. assert range-restricted clauses and dom clauses in Prolog database.

3. Call satisfiable:

satisfiable :-— assume (X) :- asserta(X).
(Head <- Body), assume(X) :-
Body, not Head, !, retract(X), !, fail.
component (HLit, Head), component(E, (E ; ).
assume (HLit), component(E, (_ ; R)) :-
not false, !, component(E, R).
satisfiable. component (E, E).

satisfiable.

First-Order completeness via Level-Saturation modification.
This proof procedure implements Hyper Tableaux in the ground case.
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Hyper Tableau - Ground Case

AN VAN
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Hyper Extension o

All open branches consist of positive literals only

Take the following clause set as an example
{—- A, — B, AANB—-CVD, AANB—EVD, AANC —}

A

B

TR

-A -B (C D

* * /\
-A  =C

* *
Definition 31 (Literal tree, Clausal Tableau [?]) A literal tree is a pair (t,A) con-
sisting of a finite, ordered tree t and a labeling function X\ that assigns a literal to every
non-root node of t. The successor sequence of a node N in an ordered tree t is the sequence
of nodes with immediate predecessor N, in the order given by t.
A (clausal) tableau T of a set of clauses S is a literal tree (t,\) in which, for every

successor sequence N1,..., Ny in t labeled with literals K1, ..., K,, respectively, there is
a substitution o and a clause {L1,...,L,} € S with K; = Ljo for every 1 < i < n.
{K1,..., Ky} is called a tableau clause and the elements of a tableau clause are called

tableau literals.

Definition 32 (Branch, Open and Closed Tableau, Selection Function) A branch
of a tableau T is a sequence Ny,..., N, (n > 0) of nodes in T such that Ny is the root
of T, N; is the immediate predecessor of Niy1 for 0 < i < n, and N, is a leaf of T.
We say branch b = Ny, ..., N, is a prefix of branch ¢, written as b < ¢ or ¢ > b, iff
¢c=No,...,Np,Npy1,...,Npti for some nodes Nypt1, ..., Npyi, k> 0.

The branch literals of branch b = Ny, ..., N, are the set lit(b) = {A(N1),...A\(N,)}. We
find it convenient to use a branch in place where a literal set is required, and mean its
branch literals. For instance, we will write expressions like A € b instead of A € lit(D).
In order to memorize the fact that a branch contains a contradiction, we allow to label
a branch as either open or closed. A tableau is closed if each of its branches is closed,
otherwise it is open.
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A selection function is a total function f which maps an open tableau to one of its open
branches. If f(T) = b we also say that b is selected in T by f.

Note that branches are always finite, as tableaux are finite.
Fortunately, there is no restriction on which selection function to use. For instance, one
can use a selection function which always selects the “leftmost” branch.

Definition 33 (Hyper Tableau - Ground Case) Let S be a finite set of clauses and
f be a selection function. Hyper tableaux for S are inductively defined as follows:
Initialization step: A one node literal tree is a hyper tableau for S. Its single branch is
marked as “open”.

Hyper extension step: If

1. T is an open hyper tableau for S, f(T) =0b (i.e. b is selected in T by f) with open
leaf node N, and

2. C=Ay,...,A, < Bi,...,By, is a clause from S (m >0, n > 0), called extending
clause in this context, and

3. such that {Bi,...,Bn} C b (referred to as hyper condition)

then the literal tree T is a hyper tableau for S, where T' is obtained from T by attaching
m —+n child nodes My, ..., My, N1,...,N, to b with respective labels

Ay,... Ay, =B, ..., —Bn

and marking every new branch (b, My), . .., (b, My,,) with positive leaf as “open”, and mark-
ing every new branch (b, N1), ..., (b, Ny)with negative leaf as “closed”.

Minimal Model Reasoning

The clause set M = {AV B «—, B « A} obviously has two different models: {A, B}
and {B}. Under set inclusion these models can be compared and there are some tasks
where it is apropriate to compute the (or in general a) smallest one. This is for example
the case with

e Knowledge Representation, Circumscription
e Basis for default negation (GCWA)

e Applications: Deductive database updates, Diagnosis

There are basically two different methods to compute minimal models.

Minimal Model Reasoning — Niemela’s Approach

Given a set of ground clauses M the methods applies a model generating procedure, e.g.
hyper tableau, which is able to generate all models.

Lemma 1: For every minimal model p for M there is a branch with literals p.

Asume that ¥ is the set of atoms, which occur in the head of a clause from M, than the
following Lemma holds.

Lemma 2: p is a minimal model for M if M U{-A | Ae X\p} Ep
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This offers a general method: Generate model candidates, and test with Lemma 2.

p ={A, B} is not a minimal model in our example from above, because

MU{} ={A, B}iff MU{«— AA B} is unsatisfiable, which is not the case, hence p does
not correspond to a minimal model and hence the branch is closed.

p = {B} is minimimal because

MuU{— A} ={B} it MU{ — A} U{ <« B} is unsatisfiable. This is the case and hence
p is minimal and the branch remains open.

Properties: Soundness (by Lemma 2) Completeness (by Lemma 1), space efficiency.

Minimal Model Reasoning — Bry& Yayha‘s Approach
As an example we have the set M = {AVBVC+«, B<— A D+« B}

A B C

-B  =C

-C

Complement Splitting
A B C
-B  =C
-C D
k {B, D} Minimal Model

B Add <~ BADtoM
*

Lemma: With complement splitting, the leftmost open branch is a minimal model for M.
General method: Repeat: generate minimal model p, add « p to M.

Properties: Soundness (by Lemma) Completeness as before,

possibly exponentially many new clauses <« p.

In the Section on Propositional Logic we already explained propositional tableaux and its
variants, like the connection calculus and model elimination. In this section we will give
model elimination in the first order case. Note that we need one more inference rule, the
reduction rule, in this case

Definition 34 A clause (normalform) tableau for a set of clauses S is a tableau for S,

whose nodes are literals from S and which is constructed by a (possibly infinite) sequence
of applications of the following rules:
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e The tree consisting of root true and immediate successors Ly,--- , Ly, where C =
Ly,---, L, is a new variant of a clause from S is a tableau for S (initialisation
rule).

o Let T be a tableau for S, B a branch of T, and C = Ly,---,L, an new variant
of a clause from S, such that the link-condition with mgu o is satisfied. If the tree
T’ is constructed by extending B by the n subtrees L;, then T'c is a tableau for S
(expansion rule).

o Let T be a tableau for S, B a branch of T, L a leaf of B, and L' € C, such that L'
and L have a mgu o, than To is a tableau for S (reduction rule).

The following are three possible link conditions:

1. No condition.

2. Weak link condition: There is a literal L € B and L' € C, such that L’ and L have
a mgu o

3. Strong link condition: There is a leaf L of B, and L' € C, such that L’ and L have
amgu o .

Analog to the propositinal case the different link conditions result in different calculi:
e The empty condition results in a clause normal form tableau calculus.

e The weak condition results in a connection calculus.

e The strong link condition results in a model elimination calculus.

Protein

This is our current set of clauses:

Currently empty.

Current clauses manipulation:

Enter some clauses: Help: Delete selected /Delete all current clauses

Convert selected / Convert all current
predicate logic formulas to CNF, replacing the
current clauses.

Add to /Overwrite current clauses

Save/Reload current clauses:

Save to database (enter name): Reload from database (select name):

Reload from file (enter file name):
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Syntax :
 Terminate each clause with a '.'
 Negation : '~' or '-'
 Disjunction : '|' or ';'
 predicate and function symbols are lowercase
 variables are upper case
 Comments : '%'
 
 Examples :
 p(X) | q(X,Y) | ~p(Y) | ~q(Y,X).
 p(X) ; q(X,Y) ; ~p(Y) ; -q(Y,X).%% alternate Syntax 


Apply Protein to the current clauses Delete current Protein result

This is the result, (possibly from a previous run):
Currently none.
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A Prolog-like Implementation

% gprove(G,A) is true if G <- A follows from KB
gprove (true,_).
gprove ((G & H),A):-
gprove(G,A),
gprove(H,A) .
gprove (G,A) : -
member (G,A) .
gprove(G,A) : -
(G <= B),
neg(G,NG),
gprove (B, [NG|A]) .

% neg denotes the negation of atoms

% to prove a theorem do
% gprove(yes,[1).

% (a) Set of contrapositives

pa,X) <= “p(,Y) & q(X,Y).
p(,Y) <- "p(a,X) & q(X,Y).
*q(X,Y) <- “p(a,X) & “p(b,Y).

p(Z,Z) <- true.
q(b,a) <- true.
yes <- pU,V).

“p(U,V) <- “yes.

Iterativ deepening Iterative deepening is a complete search strategy, which combines
depth-first with breadth-first search.

e depthbound = 1

e do while (not found)
Search by limited depth-first search until depthbound.
Set depthbound = depthbound + 1

Number of expansions in a tree with branching factor b until depth d is
L+b+0% 4+ 40!

The total number of expansions in iterative deepening search is
(d+1)x1+dxb+(d—1)%b>+ - +3%bT2 4+ 2% 4 1 %07

Hence time complexity of iterative deepening is still O(b%).
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